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Abstract. We study BMO spaces associated with semigroup of operators on noncommutative 
function spaces (i.e. von Neumann algebras) and apply the results to boundedness of Fourier 
multipliers on non-abelian discrete groups. We prove an interpolation theorem for BMO spaces 
and prove the boundedness of a class of Fourier multipliers on noncommutative Lp spaces for 
all 1 < p < cx), with optimal constants in p. 
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Introduction 

The theory of semigroups provides a good framework of studying classical questions from 
harmonic analysis in a more abstract setting. Our research is particularly motivated by E. 
Steins' results on Fourier multipliers on Lp spaces and Littlewood-Paley theory for the Laplace- 
Beltrami operators on compact groups. Our aim is to study BMO spaces which are intrinsically 
defined by a (some kind of heat-) semigroup and prove fundamental interpolation results. In 
particular, we want to give a positive answer to the following 

Problem 0.1. Let (Tt) be a standard semigroup of selfadjoint positive operators on an (abstract) 
functions space Loo{0,). Let A be its infinitesimal generator. Is there a BMO space such that 

(a) BMO serves as an endpoint of interpolation, i.e. [BMO^Li{Q)]i = Lp{Q); 

p 

(b) The imaginary powers A^^ , s G M extend to bounded operators from Loo(f^) to BMO. 

(c) The estimates in (b) are universal. In particular, the constants involved are dimension 
free for all the classical heat semigroups on = M". 

We should expect much more singular integral operators for abstract semigroups instead of 
the imaginary powers mentioned in (b). However, it seems that even in the commutative theory 
such a BM O space has not yet been identified. An advantage of such a theory is that it provides 
a natural framework for good, or even optimal dimension free estimates, for Fourier multipliers. 
Our results apply not only in the commutative, but also in the noncommutative setting (i.e. 
replacing Loo{0,) by a von Neumann algebra). 

Indeed, BMO spaces, once they can be appropriately defined, provide a very efficient tool in 
proving results on Fourier- multipliers. BMO spaces associated with semigroups on commutative 
functions spaces have been studied in |Var85j . |Str74j and very recently in [DY05aj . |DY05b| . 
Here 'commutative function space' means that the semigroups of operators under investigation 
are defined on some Loo{i^). Note that Loo{^) is the prototype of a commutative von Neumann 
algebra. Even in this commutative setting a general theory of BMO spaces defined intrinsically 
by the semigroup is far from established. 

On the other hand, BMO spaces have been extended to noncommutative function spaces (i.e. 
von Neumann algebras) in various cases. Let us refer to the seminal work on martingales in 
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|PX97] . [JXna] . [JMOTj . [Musn.Sj and |PopOO|, and to |NPTVn2j . |Mein7j and [BP] for work on 



operator- or matrix-valued functions. In [MeiOSj a first approach towards a Hi — BMO duality 
associated with semigroups of operators on von Neumann algebras has been obtained, whereas 
a duality theory for Averson's subdiagonal algebras is studied in [MW98j . 

As in the commutative case, BMO boundedness and interpolation usually gives optimal or at 
least very good estimates for singular integral operators on Lp. The use of BMO spaces also turns 
out to be crucial when reducing results on group von Neumann algebras to the semicommutative 
setting, see [JMP] , Let us describe one of our main results. Let be a von Neumann algebra 
with a normal trace r satisfying r(l) = 1, i.e. (AA, r) is a noncommuative probability space. Let 
(Tt) be semigroup of completely positive maps on A" such that T{Tt{x)) = t{x) and T((l) = 1. 
Then we define the BMOc column norm by 



\bmo^{T) = s\xp\\Tt\x -Ttx'\' 
t 
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and \\x\\bmo(T) = max{||x||BA/Oc(r)' 11^*11 BA/Oc(r)}- The norm \\x\\BMOr(T) = \\x*\\bmOc(T) is 
called the row BMO norm and the need of both such norms is well-known from martingale 
theory. 

Theorem 0.2. Assume that Tt is a standard semigroup of completely positive maps on J\f and 
(Tt) admits a Markov dilation. Then 

[BMO{T),Li{N)]. = Lp{M) 

for 1 < p < cxD. 

We investigate other possible intrinsic choices for BM 0-norms and compare them. These re- 
sults are applied to BMO-boundedness of Fourier multipliers on non-abelian discrete groups. We 
obtain their corresponding Lp-boundedness with optimal constants. Basic examples of Fourier 
multipliers in this article are noncommutative analogues of E. Stein's imaginary power (— A)*'^ 
(see Theorem 13.81 in Example 13. 5p and noncommutative analogues of P. A. Meyer's generalized 
Riesz transforms (see Theorem 14. Sp . A further application of our results gives optimal constants 
in Junge/Xu's noncommutative maximal ergodic inequality (see |JX07j ). Many of our results 
are new even in the commutative setting. In particular, our constants of the Lp bounds of Stein's 
universal Fourier multipliers are better than those obtained by Stein ( |Stej ) and Cowling( [Cowj ) 
(see Remark l5.6p . 

1. Preliminaries and notation 

1.1. Noncommutative Lp spaces. Let AA be a von Neumann algebra equipped with a normal 
semifinite faithful trace r. Let 5+ be the set of all positive / € AA such that T(supp(/)) < oo, 
where supp(a;) denotes the support of /, i.e. the least projection e G A" such that e/ = /. Let 
Sf4 be the linear span of 5+. Note that Sfj is an involutive strongly dense ideal of A". For 
< p < oo define 

ll/llp = (r(l/^)'/^ x^sm. 

where |/| = {f* f)^^'^, the modulus of x. One can check that || • ||p is a norm or p-norm on 5v 
according to j5 > 1 or p < 1. The corresponding completion is the noncommutative Lp-space 
associated with (A", r) and is denoted by Lp(A'). By convention, we set L°°{Af) = M equipped 
with the operator norm || • ||. The elements of Lp[N) can be also described as measurable 
operators with respect to (A", r). We refer to |PX03j for more information and for more historical 
references on noncommutative Lp-spaces. In the sequel, unless explicitly stated otherwise, M 
will denote a semifinite von Neumann algebra and r a normal semifinite faithful trace on N . 
We will simplify Lp{N) as Lp and the corresponding norms as || • ||p. 
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We say an operator T on A/" is completely contractive if T ® /„ is contractive on M for 
each n. Here, Mn is the algebra of n by n matrices and In is the identity operator on M„. We 
say an operator T on is completely positive if T (8) is positive on ® M„ for each n. We 
will need the following Kadison-Schwarz inequality for unital completely positive contraction T 
on Lp(7V), 

(1.1) |T(/)|2<r(|/|2), V/GL,(AA). 

1.2. Standard noncommutative semigroups. Throughout this article we will assume that 
{Tt) is a semigroup of completely positive maps on a semifinite von Neumann algebra A/" satisfying 
the following standard assumptions 

i) Every Tt is a normal completely positive maps on M such that Tt{\) = 1; 

ii) Every Tt is selfadjoint with respect to the trace r, i.e. T{Tt{f)g) = T{fTt{g))\ 

iii) The family {Tt) is strongly continuous, i.e. lim^^o Ttf = f with respect to the strong 
topology in M for any / G M. 

Let us note that (i) and (ii) imply that T{Ttx) = t{x) for all x, so T^'s are faithful and are 
contractive on Li{N). By interpolation, Tj's extend to contractions on Lp{J\f), 1 < p < oo and 
satisfy liuit^oTtx = x in Lp{J\f) for all x € Lp{J\f). (see |JX07j for details). Some of these 
conditions can be weakened, but this is beyond the scope of this article. 

Let us recall that such a semigroup admits an infinitesimal (negative) generator A given as 
Af = \\mt^Qt~^{f — Tt{f)) defined on dom(A) = Ui<p<oo domp(A), where 

domp(^) = {/ G Lp{M);lmit~\Ttif) - f ) converges in Lp{J\f)} . 

It is easy to see that ^ /J Tt{f)dt G domp(^) for any s > 0, / G Lp{M), so doinp{A) is dense in 
Lp{M). Denote by Ap the restriction of A on dom.p{A). Under our assumptions (i)-(iii), A2 is a 
positive (unbounded) operator. ApTt = TfAp = extend to a (same) bounded operator on 

Lp{M) for alH > 0, 1 < p < 00. Therefore, Ts{f) £ domp(^) for any / G Lp{M), 1 < p < 00. 

For a standard semigroup Tg (generated by A), we may consider the subordinated Poisson 
semigroup V = {Pt)t>o defined by Pt = exp(— t^da). (P^) is again a semigroup of operators 
satisfying (i)-(iii) above. Note that Pt satisfies {dt — A)Pt = 0. By functional calculus and an 
elementary identity, each Pt can be written as (see e.g. |Ste70j ). 

(1.2) Pt = \ te^^u-2Tudu. 

The integral on the right hand side of the identity converges with respect to the operator norm 
on Lp[N) for 1 < p < 00. Let us define the gradient form V associated with Tj, 

2T{f,g) = (A{ng) + r{Aig))-Airg), 

for f,g with f*,g,f*g G dom(A). For convenience, we assume that there exists a *-algebra A 
which is weak* dense in M such that Ts{A) C ^ C dom(j4). This assumption is to guarantee 
that T{Tsf,Tsg) make senses for f,g G A, which is not easy to verify in general, although 
the other form TtT{Tsf,Tsg) is what we need essentially in this article and can be read as 
Tt{{ATJ*)Tsg) + Tt{T,r{ATsg)) - ATt{TJ*T,g) for any f,g G Lp{M),l <p<oo,s,t>0. 
The semigroup {Tt) generated by A is said to satisfy the F^ > if 

F(r,/,r,/)<r,F(/,/) 

for all V > 0, / G A. It is easy to see F^ > also implies F(P„/, Pvf) < P^F(/, /) for any v > 0. 
Denote by the gradient form associated with {Pt)t by F^i . 

We will need the following Lemma proved in |Junj and [JM10| . We add a short proof for the 
convenience of the reader. 
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Lemma 1.1. (i) For any f G Lp{M), I < p < oo, s > 0, we have 

r,|/|2-|T,/|2 = 2 f T,^tT{Ttf,Ttf)dt. 
Jo 

(ii) For any f £ A, we have 

r^i(/,/) = P.nPvf,Pvf)dv + Pv\P'j\^dv 
For any f G Lp{Af)^ s, t > 0^ we have 

/oo /"OO 
Pt+,T{Ps+yf,Ps+.f)dv + Pt+,\Pl 

Here and in the rest of the article, f[ means ^ . 
Proof, (i): For s fixed, let 

Ft = Ts.t{\Ttf\^)- 



f\^dv. 



Then 



dt 



dt 

-Ts^tr{Ttf,Ttf). 



dt 



dt 



Therefore 



(ii): Let 



Then 



m 

dt 



Ts\f\^ - |r,/|2 = -Fs + Fo = r Ts-tr{Ttf,Ttf)dt. 

Jo 



Ft = ^mf\') - Pti^Ptf) - PiPf*^] 



^'\\PJ\^) - Pt&^Ptf) - PtiPtf*^) - 2P,(|-^^*^'^^ 



5*2 



9t2 



dt^ 



dt 



-APtilPtfl'') - Pt[{-APtf*)Ptf] - Pt[Ptf*{-APtf)] - 2Pti\ 



dPtf . 
dt ' 



-Ptr{Ptf,Ptf)-2Pt{\p;f\^). 



Note that Fq = F^i (/, /) and — )■ in A/" as t ^ cx) because of Proposition 1.1. We get 

r^.{f,f) = J^ -^dt = PtV{Ptf,Ptf)dt + 2 Pt{\P'tf\^)dt. 

We will use the following inequality from |Mei08j . 
Proposition 1.2. Let f £ J\f be positive and < t < s. Then 

Psf < jPtf. 

Proof. We use (|1.2p and e < e 4u for all u. This yields the assertion 



Psf 



2^ 



e i^u 2Tu{f)du < 



1 



'^V^Jo 



_4i _3„ Ptf 
e 2Tu{J)du = — 
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2. BMO NORMS ASSOCIATED WITH SEMIGROUPS OF OPERATORS 

In this part we study several natural BMO-norms associated with a semigroup Tt of completely 
positive maps. The situation is particularly nice for subordinated semigroups so that the original 
semigroup satisfies the > 0. 

Given a standard semigroup of operators Tt on N and f £ M L) L2{M), we define 

(2.1) ll/llw{r) = sup||rt|/|2-|rj|2||5 , 

1 



(2.2) WfWBMOHT) = sup \\Tt\f-Ttf\ 



2u, 



t 



Here and in what follows ||/|| always denote the operator norm of /. The notations || • \ \bmo''{v)^ II ' 
WbmO'^CP) ^"^^ used when T is replaced by the subordinated semigroup {Pt) above. The definitions 
steam from Garsia's norm for the Poisson semigroup on the circle (see [Koo98] ). The BMO'^{T)- 
norm has been studied in [Mei08] . motivated by the expression 

WfWBMO, = SUpP,(|/-/(z)|). 

z 

This definition appeared in the commutative case in particular in |Str74j , |Var85j and |DYn5bj . 
Using the || ||BMOi-norm, it is easy to show that the conjugation operator is bounded from Lqo 
to BMOi. Here f{z) gives the value of the harmonic extension in the interior of the circle (see 
|Gar07j ) . In some sense f — Ptf is similar to f — f{z), despite the fact that the Poisson integral 
Ptf still is a function, while f{z) is considered as a constant function in / — f{z). 

Proposition 2.1. Let (Tt) be a standard semigroup of operators. Then bmo'^{T) and BMO'^{T) 
are semi-norms on J\f. 

Proof. Fix t > 0. Let C{M ®Tt be the Hilbert C*-module over M with AA-valued inner 
product 

(a (g) 6, c (g) d) = h*Tt{a*c)d. 

This Hilbert C*-module is well-known from the GNS-construction for T^, see |Lan95j . Since Tt 
is unital, we have a *-homomorphism vr : A/" — C{J\f ®Tt ^) such that 

Tt{f) = eii7r(/)eii . 

We then get 

Tt{f*f)-Tt{f*)Tt{f) = eii7r(/)*7r(/)eii - eii7r(/)*eiieii7r(/)eii 
= eii7r(/)*(l - eii)7r(/)eii . 

Therefore, 

m\f? - \Ttf\^\\^ = 11(1 - eii)57r(/)en||£(^^,^^), 

l|7i|/ - TJ|2||i = ||7r(/ - eii7r(/)eii)eii||£(_^tg^^_v)- 

This shows that || • ||;,mo'={T) ^^"^ II " WsMO^iT) semi- norms. ■ 

Remark 2.2. An alternative proof for bmo^{T) being a semi-norm can be derived from the 
identity of Lemma ll. II (i). Using the GNS construction for the positive form Tt-s^ we can find 
linear maps uts : N ^ C {N) such that 

Tt\f?-\Ttf\'' = f \nts{f)\^ds . 
Jo 

This provides an embedding in L2([0,t]) (gmin C{J\f). 
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Proposition 2.3. Let (Tt) be a standard semigroup and f G MuL2{M). Then the following 
conditions are equivalent: 

(i) \\f\\bmo-(T) = 0- 
(ii) \\f\\BMO-{T) = 0. 

(iii) / e ker{Aoo) U ker{A2) = {/ G domoo(vl) U dom2(A), ^/ = 0}. 

Proof. Note that (ii) and (iii) both equals to Ttf = f for any t since Tt is faithful. Hence (ii) 
is equivalent to (iii). Assume (iii), then T(Tt|/p — |Ti/p) = since Ttf = f for all t and Tt is 
trace preserving. Note Tt|/p - \Ttf\^ > by so Ttj/p - \Ttf\^ = for any t > 0. We 

get (i). Assume (i), we have T{Tt\f\'^ - |Tt/|2) = 0, so r(|/|2 - \Ttf\^) = for any t > 0. So 
r(|/ - rj|2) = t(|/|2 - 2|TJ|2 + iTsJp) = for any t > 0. So / = T*/ for any t > 0. This 
implies (iii). ■ 

Proposition 2.4. Lei (Tt) be a standard semigroup and f €z J\f U L2{N). Then 

(i) \\Tsf\\bmo<^{T) < WfWbmo'^iT) for all s > 

(ii) ll/bMO=(r) < 2||/||,^„c(r)+sup,||ri/-r2j||. 

(iii) /f in addition > 0, i/ien 

ll/llBA/0'=(r) - ll/llbmo'=(r) + sup \\Ttf - T2tf\\- 

Proof. Let us start with i) and the pointwise estimate 

< Tt\Tsf\^-\Tt+sf? < Tt+s\f?-\Tt+sf? . 
By definition of the bmo^(T) seminorm this implies 

l|r./||b„oc(r)=sup||ri|r,/|2-|Ti+,/|2||^ < snp\\Tt+s\f\^ -\Tt+sf\^\\-^ < Wfhno^iT)- 

For the proof of (ii), we fix t > and use the triangle inequality (see Lemma l4.3p : 

\\Tt\f-Ttff\\^ < \\Tt\f-Ttf\^-\Ttif-Ttf)m^ + \\\Tt{f-Ttf)\^\\^ 
<\\f-TtfhmoHr) + \m{f-Ttf)m"^ 
< 11/11 w{r) + rjll w(r) + WTtif - Ttf)\\ 

We apply (i) and obtain 

\\Tt\f - Ti/|2||l < 2||/||,„„c(r) + WTtif - Ttf)\\. 

Taking supremum over t yields the assertion. To prove (iii), we apply Lemma ll.ll (i) and the 
triangle inequality, 

,.t 

(ri|/|2-|ri/|2)l = (/ Tt^snTj,Tj)ds)"2 

Jo 

< (/ Tt-sTiTsif -Ttf),Ts{f -Ttf))ds)"2 + {[ Tt^sr{Ts+tf,Ts+tf)ds)-2 
Jo Jo 

(LemmaO(i)) = {Tt\f - Ttf\^ - \Ttf - T2tf?)"^ + { f Tt-sT{T,+tf ,Ts+tf)ds)"2 

Jo 

(r2>0) < {Tt\f-Ttf\^)'2+{ T2t-2sr{T2sf,T2sf)ds)-2 

Jo 

1 1 /-at ^ 

{v = 2s) < {Tt\f-Ttf\^)-2+{- r2i_„r(r,/,r,/)d7;)2 

^ Jo 

(LemmaO(i)) = (T^l/ - TJp)! + -^(Ts^l/p - iTaJp)!. 
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Taking the norm and the supremum over t on both sides, we get 

<(V^+2)||/|| 
By Choi's inequahty (see |Cho74j ) we find 

\Ttf-T2tf\^ < Tt\f-Ttf\\ 
Together with (ii), we obtain (iii). ■ 

We now consider BMO-norms associated with the subordinated semigroup {Pt)t- 

Proposition 2.5. Let (Tt) be a standard semigroup and {Pt) he the associated Poisson semi- 
group. Let f gMu L2{N). Then 

(i) nl/P - in/P = 2^°°£^^^o ,^„,Jn-^,+2^f(P,/,n/)d^d^;; 
(ii) supf,||/o°^P6+,|P,7|2min(s,6)(is|| < 4 
(iii) If in addition T^ > 0, then 

- / P6+,r(P,/,P,/)min(s,6)ds < Pb\f?-\Pbf? < 180 / Pt^T{Psf,Psf) mm{-, s)ds . 
^ Jo JO ^ -J 

Heretif,,fs)=Tif,,fs) + \n\^. 

Proof. For the proof of (i) we apply Lemma 11.11 (i) to Pt and get 



rb 

nl/l'-ln/P = 2 J Pb^,T^i{PJ,PJ)ds. 

la for r 

{v = s + t) that 

fO POO 

Pb\f\^-\Pbf\^ = 2 / Pb-s+triP,+tf,P,+tf)dtds 
Jo Jo 



Using the formula for F^i {Psf, Psf) from Lemma [1.11 (ii), we obtain with the change of variable 

f 6 foo 



poo pb+t 

2 / / Pb-,+2tt{PJ,PJ)dvdt 

Jo Jt 



Jt 

OO 



(2.3) =2 / P^_,+2tT{Pvf,Pvf)dtdv. 

Jo Jmax{0,i'-fe} 

This is (i). Note L^ > implies > 0. We apply monotonicity, Proposition 11.21 and split the 
integral, and get 



roo pv 

2 / / Pb-,+2utiPvf,Pvf)dudv 
Jo Jmax{0,v-b} 
/•OO rv 

> 2 / / Pb+2ur{P2vf,P2vf)dudv 
Jo Jmax{0,ii-b} 

fOO / f-v b+2u \ 

>2 / ^-^du]Pb+2vr{P2vf,P2vf)dv 

Jo \Jma^{0,v~b} + 2V J 

2bv + - 26 max{0, v - b} - 4 max{0, v - 6}^ 



2(6 + 2t;) 

b /"OO 



-Pb+2vr{P2vf,P2vf)dv 

f" Abv 

> / Pb+2vr{P2vf,P2vf)vdv+ / , Pb+2vT{P2vf,P2vf)dv 

Jo Jb 2(6 + 2v) 

> 2 Pb+2.F(P2^/,P2„/)2^;(i^; + -6 Pb+2vr{P2vf,P2vf )dv 
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^ Jo 

Without > we only obtain 

2 poo -j^ roo 

nl/p-ln/P > 2 Pb+2v\P2j\^^H'^v,b)dv = -J^ Pb+,\PU\^^Hv,b)dv . 

This is (ii) and the first inequahty of (iii) . To complete the proof of (iii) we start with (j2.3p and 
> 0: 



f'OC f'V 

Pb\f? -\Phf? = 2 / Pb,,+2uHPvf,Pvf)dudv 

Jo Jmax{0,v~b} 

< 2 / / Ph^^+2ur{PU,P^f)dudv 

JO Jmax{0,i)-b} 
pb pv poo pv 

= 2 Pb^,+2ut{Pvf,Pvf)dudv + 2 / / Pb^,+2uriPJ,Pvf)dudv = I + II . 

Jo Jo Jb Jv~b 



For V > b we have 

^ < b-'- + 2u < kb + v). 
3-3 - 3^ ^ 

Thus monotonicity imphes 



poc pv poo 

II < 2 / P,_^^2uf'iP^J,P^J)dudv < 106 / Pi±^f{PU,PU)dv 

Jo Jv-b ^ 3 3 3 3 3 

= 90 Pl+s^{Psf, Psf) min(s, -) ds . 



In the range v < b and < u < f we also have 

^ < b + 2n-^- < ^-{b + v). 
3 - 3 - 3^ ^ 

Again by monotonicity and with s = | we obtain 



/<10 / Pt±.T{PiLf,P^J)vdv = 90 / Pt,r{Psf,Psf)sds 

/O 3 ^ ^ Jo 3+^^ 



This yields 

nl/l' - in/l' < 180 / A+,r(P,/, Psf) min(-, . ■ 

In view of the classical Carleson-measure-characterization of BMO, we define, for f £ M D 
L2iM), 

(2.4) WfWBMO^id) = llsupPt / \P'j\hdsf2, 

t Jo 

(2.5) ll/bA/o^(r) = supllPt [r{Psf,Psf)sds\\'2, 

t Jo 

(2.6) ll/llBA/o=(f) = supllPt / f(P,/,P,/)sds||5 . 

^ ^ t Jo 

Theorem 2.6. Let (Tt) be a standard semigroup. Then 

(2.7) WfllBAW^id) < c||/||ba/o=(p) < c||/||BA/o={r) 
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Proof. To prove the first inequality, recall that Theorem 3.2 of |Mei08] states that 

''■^^Hf-Psf)\'sds\\-^< 



sup \\Pt 
t 



Then 



< 



< 



{v = 2s) < 



(u = 2s--) < 



< 



Pi 



ds 
\dP. 



ds 



f?sdsp 



P^j^\^(f - Psf)\'sds\\'^ + \\Pt j\^Psf\'sds\\-^ 



2 ,aR 



ds 



Psf\hds + Pt 



,5R 



ds 



Psf\^sds\\- 



1 f2^dPy 



dv 



f\'vdv + Pt / PL\^P,_tf\'sds\\-2 



\BMOHV) + \\^Pt r \P'j?vdv + ^P,^ I - Kf{'ndup 



2 T /i 



\/3 1 
BMO'^(V) + ^snp\\Pt / \P'j\'^sdsp. 
^ t Jo 



Taking supremum on both sides, we have 

\BMO{d) = sup \\Pt 



- \-Q^f\ Sdsp < ^\\J\\BMO-iP)- 

1 2~ 



To prove the second inequality, we apply ()1.2p and (jl.ip . 

Ps\f-Psf\^ = / Mu)Tu\f- / Mv)Tvfdv\^du 
Jo Jo 

POO 

4>s{u)Tu\ I <ps{v){f - T^f)dv\'^du 
Jo 

4)s{u)(t)s{v)Tu\f - T^fl'^dvdu 



OO fOO 



< 



Jo 



with 4>s{v) = se iv V 2 , For v < u, we have 

\\Tu\f-nfm = ||T,_.r,|/-r,/|2|| < \\f\\l,jociry 

For V > u, let be the biggest integer smaller than log2 , we have 

< \\Tu\f - r„/|2||i + ||r,|r,/ - r^uflY^ + \\T^\T2uf - tu\^\\-2 +■■■ + Wt^^.j - tj\' 

<c(ln- + l)||/||BA/o=(r). 
Therefore, we find that 

< C 



In —(f>s(u)(ps(v)dvdu + 
u 



10 Ju 

\bMO''{T)- 

Taking supremum over t yields the second inequality. 




^0 



(t)s{u)(t)s{v)dvdu)\\f\\ BMO'^ (T) 
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Lemma 2.7. Let (Tf) be a standard semigroup. Then 



oo 



(2.8) WfWBMO^d) - sup II / Ps+t\P'J\'mm{s,t)ds\\-2. 

t Jo 

If in addition > 0, 

(2.9) ||/||BAfo=(r) ^ llsup/ Ps+tr{Psf,Psf)mm{s,t)dsp. 

t Jo 

(2.10) ll/llBMO-(f) - llsup/ Ps+tt{Psf,Psf)nMs,t)ds\\. 

^ ' t Jo 

Proof. Let dt = and rg2(/, /) = |^P the gradient forms associated with Tt = e*'^? which 

satisfies > 0. Then ([IS]) follows from (HJ]). Moreover, (|2J0]) follows from t{ft,ft) = 
"t 

r(/i7 ft) + |//p. To prove (|2.9p . we apply the condition > and find 
\\J^Ptr{P,f,P.f)vdv\\ < \\ 1^ P^^+tT{P^_f,P^J)vdv\\ 

= 4 11/ P,+jr(P,/,P,/)sds|| < 4|| / Ps+tr{Psf,Psf) minis, t)ds\\. 
Jo Jo 



For the reversed relation, we use a dyadic decomposition. Indeed, according to Proposition 11.2 
we have 

—-^TiPJ,Psf) < P2^tT{Psf,Psf) 
s + t 

for s > 2"t. This implies 
1 



2 



oo 







Ps+tr{Psf,Psf)inHs,t)ds 
st 



poo 

< / Ps+triPj,Psf)- 

Jo ' 



-ds 



s + t 

< / PtF(P,/, PJ)sds + E ^ / ^2"tr(P./, n/)s(is 



/■2t °o ,.2"+'^t 

< / PtT{PJ,Psf)sds + y2— P2ntT{Psf,Psf)sds. 

Jo ^1 2" 70 

However, we can replace 2t by ^ using > and Lemma ll.2[ 

/^2t r2t f't 

/ PtT{PJ,Psf)sds < / Pt+^T{Psf,Psf)sds = 4 / Pt+,T{P,f,P,f)vdv 
Jo Jo Jo 

<8 / PtT{PJ,P,f)vdv . 
Jo 

Applying this argument for every 2""''^t, we deduce the assertion. 

Lemma 2.8. Let a > 1. Then 

snvWPtf - PatfW < V^(l + log3a)||/||BMO=(a). 

t 2 ^ ' 
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Proof. For t fixed, we have the 



\P3tf - P2tf\'' < P^A\P^-if - PU?) = P^A\ P'sfdsl^) 
22 2 2 1 1 

2 

„3* ^3* „3* 

< P3t{t r \P^ffds) < 2P3t( / ' li^s/Psds) < 2Pm{ I \P^f\'^sds). 



2 It 2 

2 2 







This implies in particular that 

sup||PJ-Pm/|| < V2\\f\\BMO^{ay 
t 2 

For 1 < a < |, choose 6 > such that = |. Then we obtain 



2 II ^ oil -f l|2 



II \Ptf - Patfll < \\Pbt\Pil-b)tif) - Plil-b)tif)\ 

(2.11) < lll^'(l»;,)i(/)-^|(l_f,)j(/)l'll < 2 

We deduce 

(2.12) \\Ptif) - Pat{f)\\ < V2\\f\\BMOHd) 

for any 1 < a < |. Consider now a > |. Let n be the integer part of logs a. We may use a 
telescopic sum 

Ptf - Patf = (Ptf -P-^f) + {P-^f-P,,J) + --- {P<l)nJ - Patf) ■ 

We apply (|2.12p for every summand. Then the triangle inequality implies the assertion. ■ 

Theorem 2.9. Let {Tt) be a standard semigroup satisfying > 0. Then\\ ||bmo=(P); II Wbmo'^CP) 
and II ||gA,/oc(f) ire all equivalent on U L2 (A/") . 

Proof. According to Proposition 12.51 we know that 



00 



supll / Ps+tT{Psf,Psf)inm{s,t)ds\\2r^iso\\j\\bmo'={v) 
t Jo 

Then Lemma [2.71 implies that || Hfemo'^CP) || W^j^o^ir) equivalent. Proposition 12.41 (iii) 
provides the upper estimate of || Hbmo'^CP) against || WsMO^iV)- Conversely, we deduce from 
Proposition 12.41 (ii). Lemma l2.8t Lemma 12.71 and Proposition 12.51 (i) that 



\bmo'=(V) < 2||/||femoc(p) + sup ||Pt/ - P2t/|| 

< nfWbmoHV) + ^^(1 + log| mfWBMO^iV) 

<2||/||w(P) + 2V2 2^/6 ||/||fe^oc(p) = (2 + 8V3)||/||fe^„.(p) . 
Thus all the norms are equivalent on A/" U L2 (A/") . 



3. Bounded Fourier Multipliers on BMO 



In this section we prove the BMO boundedness for certain singular integrals obtained as a 
function of the generator for arbitrary semigroups. The ideas for the proof can be traced back 
to E. Stein's universal Lp-bounded for Fourier multipliers. 



12 
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Lemma 3.1. Let T he the gradient form associated with a standard semigroup St- Then 
(3.1) r(/ ftdn{t), [ ftdfi{t))< [ \dfiit)\ [ TiftJt)\dfi{t)\, 



for J\f -valued function f on a measure space {^,fj.} such that T{ft,ft) is weakly measurable. 

Let Pt be the Poisson semigroup subordinated to a standard semigroup Tt satisfying > 0. 
Then, 

T{v^d^P,f,vd^PJ) < CnP^.TifJ), 
Here n G N and dl''P{t) is the n-th derivative of P{t) with respect to t. 

Proof. The bilinearity of F implies 

^,x + y x + y. ^,x — yx — y. 1,^, ^ ^, 
^ 2 ' 2 ^ + 2 ' 2 ^ = 2 ^ + 
for X, y € ^. Note F(x, x) > 0. We have 

r(^,^)<^(r(x,x) + r(y,y)), 

for X, y E ^. (j3.ip follows by the convexity of r(-, •), which we just proved. 

By (jl.2p . we may write v"d"Py as TT-dfin{T) with |d/i„(r)| < c„ and Tr\dnn{T)\ < 
cPe . We deduce from (Bill) and F^ > that 



TiTrf,Trf)\df,n{T)\ < Cn j ^ r,F(/, /) | d/i, (t) | < C„P|F(/,/) . 



Recall that Fg2(/, g) = {dtf*){dtg) is the gradient forms associated with Tt = e*^'^ and satisfies 
r?,2 > 0. According to Lemma |3.H we know that 

(3.2) \d„{vd„P„f)\^ < cP^_\vd^P^f\^. 



Since F = F + Tq2 , we obtain 

(3.3) r«/, vP'J) < cPfi{P,f, P,f). 

We now want to define singular integrals of the form F{A) where F is a nice function. We 
follows Stein's idea and assume that F is given by a Laplace transform. Let a be a scalar valued 
function such that 

(3.4) s / ' ^ ^ dv < cl 

J s ^ 

for all s > and some constant positive Ca- Define Ma as 

MM) = a{t)^dt. 

Lemma 3.2. Assume Tt be a standard semigroup satisfying F^ > 0. We have 

l|Afa(/)||BA/0=(r) < CCa 11/ II BA/0<^(r). 

Proof. Let 

St{f) = Pt [ sT{PJ,PJ)ds. 
Jo 

We simplify the notation by using F[/] = F(/, /). Let us compute ||S't(Ma(/))||: 

/■* r* dP 

||5t(M„(/))|| = \\Pt sT[PMf)]ds\\ = II ^Pt^iPsJ^ aiv)-^fdv]ds\\ 



BMO SPACES ASSOCIATED WITH SEMIGROUPS OF OPERATORS 

= \\ l\p,r[l\iv)^^fdv]ds\\ 

= II / sPtVl / a{v - s)-v^-^fdv]ds\\ 
Jo Js V dv 

(first inequality of Lemma 13. ip < || / ^ti s — ^dv / r[v—^f]dv 

Jo \ Js V Jg ov 

(assumption < c^|| ^^(^j^ r[t;^/]d?;^ ds|| 

(cliange of variables) = 8c^ II Pt\ ^[v-;r-^Pvf]dv ]ds\\ 

Jo V7# dv J 



2 

(LemmaEH) < cc^|| j^Pt(^j^^ PRr[P^f]di^ds\ 

ft f'OC 

<ccl\\ P^_+tnPvf]dvds\\ 



2 
l-OO 

(Integrate ds first ) = cc^|| / Pi;+fr[P^/] min(t, 2u)(if | 

^0 ^ 

(Lemma EZl) < cc^ ||/|||A,^oc(r) 
Taking the supremum over t, we obtain 

l|Ma(/)bA/o^(r) =sup||5t(M,(/))||5 < ccJ|/||BMO=(r)- 

Using (]3.2p . exactly the same proof shows that, without assuming > 0, 

(3.5) ||Ma : BMO\d) BMO^{d)\\ < cca- 

The same technique also allows us to obtain estimates for operators of the form 

POO 

Ma,n= / a{t)e-^d'lP{t)dt. 

Jo 

Let us state this explicitly. 

Theorem 3.3. Let Tf be a standard semigroup. Then 

(3.6) \\Ma,nif)\\BMO''{d) < CnCa\\f\\BMO'={d)- 

If in addition, Tt satisfies L^ > 0, then 

(3.7) l|Afa,n(/)||BA./0=(r) < C„Ca || / 1| BA.fO=(r) • 

Corollary 3.4. Let Tt be a standard semigroup satisfying > 0. Then 

\\Ma,n{f)\\BMO''{V) < CnCa\\f\\BMO''(V) ■ 

Proof. By Theorem 12.91 we know 

WfllBAWiV) — ll/llBMO'=(f)- 

By the definition of L, we see that 

- max{||/||Bjvfo-(r), WfWBMOHd)}- 
Therefore, Corollary 13.41 follows from Theorem [ 
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Example 3.5. Let —(f) he a real valued, symmetric, conditionally negative function on a discrete 
group G satisfying (f){l) = 0. Let A he the unbounded operator defined on C[G] as 

A{\{g)) = <t>{g)\{g). 

Let Tt = exp[—tA), i.e. 

Tt{\{g)) = eM-tm)K9)- 
[Ttjt extends to a standard semigroup of operators with generator —A on the group von Neu- 
mann algehra J\f = VN{G) following Schoenberg's theorem. Tt satisfies > too. Therefore, 
Theorem \3.3\ and Corollary \3.4\ applies in this setting. Here we note that Ma is indeed a Fourier 
multiplier. Indeed, assume that m is a complex valued function of the form 

m{g) = c / (l)^{g)e-^^^^3)a(t)dt . 
Jo 

Then Ma{X{g)) = m{g)X{g). For example we may consider a{t) = with s a real number. 
Then we deduce that m{g) = T[l — is)[(j){g)Y'^ is a Fourier multiplier. Note the subordinated 
semigroup in this case is given by 

PtiXig)) = e-*v^(3)A(5) . 

Therefore Corollary \3.4\ imply that 

(3.8) \\Ma{f)\\BMOHV) < CCa\\f\\BMO-{V) ■ 

for all f e L2{VN{G)). 

In the remaining part of this article, we will use probabilistic methods to prove an interpolation 
theorem for semigroup BMO spaces. This in turn allows us to obtain Lp bounds for Fourier 
multipliers of the form above. 

4. Probabilistic models for semigroup of operators 

In the section, we introduce BMO spaces for noncommutative martingales and P. A. Meyer's 
probabilistic model for semigroup of operators. We will apply them in the next section to an 
interpolation theorem for BMO associated with semigroups. 

4.1. Noncommutative martingales. 

Let (A4,r) be a semifinite von Neumann algebra equipped with a semifinite normal faithful 
trace r. We will say that an increasing family {A4.t)t > o is an increasing filtration \i \{ s < t 
implies Ms C A^j, IJt-^* is weakly dense, and the restriction of the trace is semifinite and 
faithful for every Ai^. We refer to |Tak79j for the fact that this implies the existence of a 
uniquely determined trace preserving conditional expectations Et : Ai ^ Aif By uniqueness 
we have EgEt = -E'min(s,t)- Right continuity, i.e. {^^^^Ms = Mt for all t > 0, will be part of the 
assumption when we talk about increasing filtrations. Similarly, we will say that {Mt)t > o is a 
decreasing filtration \i s < t implies Aig D Ait, Ai is the weak closure of IJt-^ti we have 
left continuity. Again we have a family of conditional expectations Eg : Ai ^ Aig such that 
EgEt = -E'max(s,t)- We have Ai^ = Ai, Eq = id for decreasing filtration and set A^oo = ^t-Mt 
as a convention. Set Aioo = Ai,Eoo = id, Aio = ^t-M.t for increasing filtration. A (reversed) 
martingale adapted to {Ait)te[o,oo) is a family (xt) G L^ (Ai) + L°° (Ai) such that Et{xs — xt) = 
for any s > t > for increasing filtration ( for t > s > for decreasing filtration). 

For x G Lp{Ai), 1 < p < oo, the family (xt) given by xt = Etx is a martingale with respect to 
Ait- For 2 < p < oo, we define 

1 

W^h'^moiM) = W^-npt Et{\x - Etx\'^)\\l, 
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where || sup"*" - We should be understood in the sense of vector- valued noncommutative Lp spaces, 
see [Pli98] . |.Tunn2] . [JXPT] !. Let 

IkllLpmo(X) = ™ax{||x||icmo(X)) lk*||L=mo(X)}- 

By Doob's inequality, we know that 

(4-1) lkllLpmo{>!) < Cp||x||ip(_M)- 

Let Lp{A4), I < p < oo, be the quotient space of Lp{A4) by {x, x = £x}. Here £ is the projection 
from A4 onto AtTWt, which equals to Eq in the case of increasing filtration and equals to Erx, in 
the case of decreasing filtration. For 2 < p < oo, let Lpmo{M-) {Lp^mo{M)) be the completion 
of = Ll^{M) by || • \\Lpmo{M) (II • llLgmo(x))-norm. For p = oo, we have to consider a 
weak* completion and denote the completed spaces by bmo'^{J^) (resp. bmo{A4)). We refer 
the interested readers to [JKPXj and |JPj for more information on noncommutative martingales 
with continuous filtrations. 

We now introduce martingale /ig-space, which are preduals of Lpino's. Let a = {0 = sq < 
si,...Sn-i < Sn = oo} be a finite partition of [0,oo]. For x G L^{M) + L°°(A^), define the 
conditioned bracket {x,x){a) [k < n) as 

n 

(X,x)(cr) =J2^Sj^i\EsjX - Es^_^x\^. 

i=i 

The hp{a), 1 < p < oo,-norm of x is defined as 

\\x\\h- = \\{{x,x){a))'2\\L^. 

Let U be an ultrafilter refining the natural order given by inclusion on the set of all partitions 
of [0,oo]. The hp{U) and /ip(^)-norms of x are defined as 

M\h- = lim||((x,x)(cj))^||L^, = ||x*||,,c. 

The h'^{U) -norm of x is defined as 

IkL,^ = lim( \\Es,x - Es^_^x\\iyv . 

It is proved in [JPj that these norms do not depend on the choice of V( whenever U is containing 
the filter base of tails. Let hp{M) {hp{M), hp{M) ) be the collection of all x with finite hp{U) 
(/ip(A^), /ip(^) )-norm. It is proved in [JP] that 

{h;{M)y = L^„mo{M) = KiM), l<p<2,- + - = l 
f 1 H p q 

hliM) + h;{M) + h%M) = Lp{M), l<p<2. 

Denote by hp{M) = h'piM) + h'p{M), Hp{M) = hp{M) + h'^{M),l < p < 2, hp{M) = 
h^{M) n h'piM) for 2 < p < oo, and BMO{M) = {Hi{M))* = hmo{M) n (/if we have 

[BMO{M),Li{M)\. = Lq{M), 

q 

for all 1 < g < oo. 

Recall that a martingale x = {xt)t has a.u. continuous path provided that, for every T > 
0,e > there exists a projection e with t(1 — e) < e such that the function /e : [0,T] — )• M. 
given by 

fe{t) = xte£M 
is continuous. The following observation will be crucial for us. 
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Lemma 4.1. Let x'^ be a net of martingales in A4 H L2{A4) with a. u. continuous path. 
Suppose x'^ weakly converges in L2{A4) and the limit x is in bmo. Then x G BMO and 

\\x\\bMO < c|kl|bmo • 

Moreover, let p > 2 and x € Lp{M) with a.u. continuous path. Then \\x\\h^ ~cp 

Proof. We first prove that for martingales x G L2{M) r\Ai with a. u. continuous path, we have 

(4-2) M\{hi{M))* = ^■ 

By Doob's inequahty for noncommutative martingales, one can show that a. u. continuity 
and X € L2{M.) n M imply that xt = f{t)a for some o G Lq{M.) and a continuous function 
/ : [0, T] — )• for any g > 2, T < oo. This implies that 

lm||dt^(x)||i^(£c^) = lim||supJg^(it^.(a;)*c?t^(x)||g/2 = 0, 
for any ultrafilter lA of [0, T] containing the filter base of tails. Note that 
(4.3) N*,((x)*)||L,(.g.) < WdtMKiU) < 

for ^ = |- Thus we also find that 

\m,\\dt^{x)\\L^^^r^) = 0. 
We recall from |JP] that Up>i B^ic.yir C /if are dense in the unit ball of /if. Here the h^" is 



defined such that the norm of x G L2[Ai) n {hp")* is given by limg-^^ .(x)||/^ (£c ). Therefore, 



T,^'^)* is given by lim^^j^ ||df^. (x)||l^(£c^). 
X satisfies (14. 2p if x is in H L2{A4) and has a. u. continuous path. Now, let x'*' be a net of 
weakly L2-converging martingales in MnL2{M) with a. u. continuous path. Suppose its weak 
L2-limit X is in bmo. Recall from |JPj that, for any y G i^f nL2(A^) we may find a decomposition 
such that y = yi + y2 with yi G /if n L2{M),y2 G /if n L2(A^) and ||yi|U^ + ||y2lUd < ^yWHf- 
Then 

|r(y*x)| < |r(y*x)| + |r(y2a^)| = |r(yix)| + | lim r(y2a;^)| = kiylx)] < c\\x\\bmo\\yi\\hi ■ 
Since the unit ball of H1{M) n L2{M) in dense in the unit bah of Hl{M), we get 

Ikllftmoc < c||x||BAfOc- 

Prom (|4.3p we have already seen that for martingales x G Lq{Ai) with continuous path we have 
lim^^t^ ||a^lUd(tT) = because ||x||/jd(^) = \\dtj{x)\\Lq{iq). Hence we have 

\\x\\h^ < C'lklk^ 

for q>2 because = h^D /i^ for q > 2. ■ 

In the previous argument we learned for continuous martingales with a.u. continuous path 
we have ||x||;jd = (see also | JKPXj ) . In fact, in this paper we might simply take this as a 
definition. We will need some more results in this direction and state them in the following 
lemma. 

Lemma 4.2. Let 1 < p < oo. We have 

(4.4) {BA40iM),Li{M))i=LpiM), 

(4.5) {bmo\M), L2{M))2 = h^M) 
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with equivalence constants ~ p. Suppose that x G Lp(A^),2 < p < co and {Etx)t is a.u. 
continuous. We have 

(4-6) \\x\\Lpmo{M) + \\£x\\lp{M) - \\x\\Lp{M), 

with equivalence constants ~ p for p > 4. 

We say that a standard semigroup {Tt) on a semifinite von Neumann algebra N admits 
a standard Markov dilation if there exists a larger semifinite von Neumann algebra an 
increasing filtration [Mg^g > o ^-nd trace preserving *-homomorphism tTs such that 

£'s](7rt(x)) = TTsiTt^sX) s <t , X £M . 

We say that (Tt) admits a reversed Markov dilation if there exists a larger von Neumann algebra 
M., a decreasing filtration {Ai[g)s > o, and trace preserving *-homomorphisms tt^ : — )• Ai^g 
such that 

E[g{7rt{x)) = TTg{Ts-tx) t < s , X gM . 

We say that (Tf) admits a Markov dilation if it admits either a standard dilation or a reversed 
dilation. We refer to jKiim88| for related questions. A glance at (11.2p shows that a Markov 
dilation for (Tt) implies that the Pt's are factorable (in the sense of |AD06] ). According to 
[AD06] ■ we know that a Markov dilation for Tt (standard or reversed) yields a Markov dilation 
(standard and reversed) for Pt. 

In the noncommutative setting the existence of a Markov dilation is no longer for free, as it is 
in the commutative case. We refer the reader to |Ric08j for its existence for group von Neumann 
algebra and to [JRSj for its existence for finite von Neumann algebra. However, the existence of 
a Markov dilation allows us to use probabilistic tools for semigroups of operators. In particular, 
given a a reversed Markov dilation we know that m(x) = {ms(x))s>Q with 

(4.7) mg{x) = Trg{Tgx), 

is a martingale with respect to the reversed filtration (M^g). A standard Markov dilation implies 
that, for any v > 0, m{x) = {mg{x))i,>g>Q with 

(4.8) mg{x) = ■Kg{T^_gx) 

is a martingale with respect to the standard filtration (A^gj). 

Proposition 4.3. Let {Tt) he a standard semigroup of operators on N with reversed Markov 
dilation (vTf, Al^). Let x € Lp{N). Then E\^g{'KQx) = TTgTgX and 

1 

(4.9) hoix)\\ L<pmo{M) = l|sup+7rt(rt|a;p - |ria;p)|||, 
for 2 < p < oo. In particular, 

(4.10) \Wo{x)\\bmo'^{M) = \\x\\bmo'^{T)- 

Proof. To prove (j4.9p . we apply the reversed dilation condition and get E[t'^Q{x) = TTtTtx. Then 

i^[t|7ro(x)|2 - \E[tMx)\^ = MTt\x\^ - \Ttx\^)- 

Taking the supremum over all t, we obtain the assertion. The equation ()4.10p now follows 
immediately from the definition. ■ 
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4.2. Meyer's probabilistic model for semigroup of operators. Meyer's probabilistic model 
provides another way to connect semigroups of operators with martingales. Let us start with 
an observation due to Meyer |Mey76| . 

Proposition 4.4. Let Tt be a semigroup with a standard (resp. reversed) Markov dilation 
{iTtjMt)- For X G dom{A), let n{x) = {ns{x))s>o with 



(4.11) ns{x) = TTsix) + / Try{A{x))dv, 
for standard Markov dilation and 

(4.12) ns{x) = TTs{x) + I TT^,{A{x))dv, 



for reversed Markov dilation. Then n{x) is a (reversed) martingale with respect to the filtration 
Ms. 

Proof. Let us verify that Etns{x) = nt{x) for t > s in the reversed dilation case. The verification 
for t < s in the standard dilation case is similar. Due to the dilation property we have 

(roc \ rt j-oc 

vr,(x) + j ^^,[A{x))dv\ = ^t{Tt-s{x)) + J 7rt{Tt.^A{x))dv + 7r„{A{x))dv 

f't roo roo 

= 7rt{Tt-s{x)) + / 'Kt{dvTt-^{x))dv + / Try{A{x))dv = 7rt{x) + / 7ry{A{x))dv. 

Js Jt Jt 

This means n{x) satisfies the martingale property Etns{x) = nt{x) for t > s. ■ 

The main ingredient in Meyer's model is to use Levy's stopping time argument for the Brow- 
nian motion (see however [Gun86| . |GV79j for more compact notation). Given a standard 
semigroup Tj with generator A, assume (Tt) admits a standard Markov dilation (vr^, A4s). We 
consider a new generator 

defined densely on 

l2(E)0L2(AA). 

This leads to a new semigroup of operators Tt = exp{—tA) such that 

Let (Bt) be a classical one dimensional Brownian motion associated with dt (instead of the 
usual ^dt in the stochastic differential equation) such that Bq = a holds with probability 1. Let 
Ms = Mf (g) Ms with the von Neumann algebra of the Brownian motion observed until 
time s. The Markov dilation for the new semigroup Tt is given by Mj and 7rt(/(-)) = 7rtf{Bt{-)). 
For X S Lp{M), I < p < oo, denote by Px for the Lp(AA)-valued function on [0, oo) 

Px{t) = Pt{x) . 

Recall that we write P'x for the functions ^Pt.x. Fix a real number a > 0. Let be the 
stopping time of Bt first hit 0, i.e. 

t^ = inf{t : Btioj) = 0}. 
The following observation due to P. A. Meyer. 
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Proposition 4.5. For any x G Lp{Af), 1 < p < oo, 

ha{x) = {T:taMPx)t 
is a martingale with respect to the filtration 

M,a= V^t«A.(AAC3L°°(E)). 

v<t 

Proof. Apply Proposition 14.41 to A, vft, we get -ktiPx) is a martingale because A{Px) = 0. 
Therefore, Tc^^/^t{Px) is a martingale too since is a stopping time. ■ 



Let 



-wot 



-wot 



Ma = Vt>oMa,t = yta>t>0Mt 

Let Et be the conditional expectation from Aia onto A4a,t- Proposition 14.51 implies that 

(4.13) Et{TTt,x) = TTt^AtPx = TTt^AtPBt^^tX, 

for any x £ M. 

Meyer's model allows us to consider martingale spaces with respect to the time and space 
filtrations simultaneously. Let Lp^rno{M.a),L^'rno{M.a),2 < p < oo be the martingale spaces 
with respect to the filtration Ma^t- Recall that we have an orthogonal projection P;,,. on the 
subspace consisting of martingales x = {xt) with the form 

rt/\ta 

(4.14) xt= / VsdBs 



with Us adapted to Aig. By approximation, we see that {xt)t has continuous path, i.e. xt is 
continuous on t with respect to the Lp-norm, provided sup^ WvtWi^ ) < oo. 

Denote Pp = I — Pbr- Recall that it is our convention to write bmo instead of Loomo and 
BMO = bmo n {hfy . 

Lemma 4.6. Let (Tt) be a standard semigroup admitting a Markov dilation, {Pt)t the semigroup 
subordinated to {Tt)t and f £ M U L2{N). Then 

(i) WfWhmo'^iV) = ll"a(/)|lb„oc(_^^)- 

(ii) \\Pbrna{f)\\BMO-{Ma) " \\P^^^^f)\\hmo-{Ma) " ^up J| | ^ ^ min(s, 5 . 

(iii) If in addition > 0, then 

||i=rna(/)||;,^„c(^ ^ ^supll / Pb+sT{Psf,Psf)mm{s,b)ds\\2. 

b Jo 

Proof We recah that {na{f))t = T^taAtiPf) = ^rt^At (-PBtaAt(/))- So the end element ha{f) = 
7i"ta(/), {na{f))o = -^oiPBoif)) = <8) TToPaf- Hencc we get 

Et{\na{f)\') - \Etinaim' = ^UM{PB.^Jf\' - \Pb.^.J\') , 
for ta{uj) > t. Thus in any case we have 

esssup||^i(|n,(/)|2)-|^,(n,(/))|2|| < sup\\ntMPs\f\' - \Psf\')\\ < ||/||Lo=(p) • 

U} s 

However, recall that Bo{ui) = a almost everywhere. This means Bt = a + Bt where Bf is a 
centered Brownian motion. Since limsupj \Bt\/\/2t log logt = 1, we know that with probability 
1 the process \Bt\ exceeds o. Thus with probability 1 the process Bt hits or 2a. Hence 
with probability ^ the process hits 2a before it hits 0. Let us assume that Bt(^^^{uj) = 2a and 
Bs{uj) > for < s < t{uj). By starting a new Brownian motion at t{uj), we see with conditional 
probability ^ we have Bfif^^-j = 4a for some t{uj) < t'{uj) and Bs{u}) > for all t{u!) < s < t'{u}). 
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By induction we deduce that with probabihty 2~" the process Bt hits 2"a before it hits 0. Thus 
given any 6 > 0, we may choose n such that 2"a > b. We see that with positive probabihty 
there exists tn{i^) such that -Bf„((^) = 2"'a and Bs{ijj) > on [0, and Bs is continuous. By 

continuity there exists t(uj) G [tn{u}),ta{u))] such that Bt^ = b. In particular, 

\\Eti:.){\Mf)\')-\Eti.)na{f)\'\\ = htH{PB,,Jf\'-\PB,^^,f\')\\ = ||n|/P " In/l'll • 

Taking the supremum over ah b yields (i). For the proof of (iii) we first apply Lemma 2.5.5 and 
Lemma 2.5.10 (ii) of |JM10| (note there, pa denotes for ha) ■ This immediately yields the first 
inequality (after a concise review of the involved constant for /3 = |). For the upper estimate of 
this term, we recall that with positive probability every value b is hit. Then we start in equality 
(3.20) for a fixed b = Bt{u;). We use the monotonicity ^''j^'^^^^ < ^^'^ ^^"^ 

tb 1 rb+s 



E 



/ Ts{T{P^x,P^x))ds = - / PtT{PsX,Psx)dtds 
Jo s s 2 Jq J\f^_g\ 



rb+ 




/O 



oo 



> / Pb+sT{PsX, Psx) min(6, s)ds . 
^ Jo 

The proof of the second equivalence of (ii) uses Lemma 2.5.10 (i) of [JMlOj and is similar to (iii) 
but we only need |-Pt^P < -Pt^P instead of F^ > 0. The first equivalence of (ii) follows from 
Lemma l4.ll and the fact that Pbfha^f) has continuous path. ■ 

Lemma 4.7. For any y G Lp{J\f), 2 < p < oo, we have 

with equivalent constants p for p > 4. Assume that {Et'^T-ay)t is a.u. continuous, then 
with equivalence constants ~ p for p > 4. 

Proof. This follows from the fact that PbrEtTTtaU has continuous path, EoTTr^y = TTQPa, Lemma 
14.21 of this article, and Lemma 2.5.11 of |JM10] (Note vTt-^ is denoted by pa there). ■ 

4.3. Noncommutative Riesz Transforms. We will prove a L°°-BMO boundedness for the 
noncommutative Riesz transforms studied in |JM10j in the first subsection. 

Recall that the classical Riesz transforms on can be viewed as d • (— A)~2. Given a 
standard semigroup of operators Tt = e"*"^, it is P. A. Meyer's idea to view the generator A 
as an analogue of —A and the associated bilinear form F(/, /) as The generalized Riesz 

transform of a function / is \r(A2 f, A2 f)]2 , As a noncommutative extension of Meyer's result, 
Junge/Mei proved in |JM10] that 

W^'^fhpiM) < Cp||[F(/,/)]5||i^(_^), 

for 2 < p < 00 and self adjoint elements / S Lp{M) with additional assumptions on Tt. We will 
extend this Lp-boundedness to L°° — BMO boundedness. 

Theorem 4.8. Assume Tt admits a Markov dilation and satisfies F^ > 0, we have 
P^9lbMO=(r) <cmax{||[F(5,5)]^||,||[F(<7*,<7*)]^l|}, 

for g e A. 
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Proof. By the assumption of a Markov dilation {tti, Et) of a standard semigroup Tt = e~*"^, we 
have 

—^fdr = -Et J TTrAfdr, 
for / G dom(j4). Apply to the Markov dilation (vrj, Et) of the new semigroup Tt = e"*"^, we get 

/u ^ 
TTrAfdr. 

Passing to the stopping time ta, we get 

Et^taf - T^taAtf = -Et / ^rAfdr. 
For a given self adjoint g £ A, let 

fis) = T{Psg,Psg), 
It is an easy calculation by definition of that 

-Af = 2T\Psg,Psg) + 2T {P',g , P'.g) . 

By > 0, we have 

-Af>2T{Plg,Plg)>Q. 
By Lemma 2.5.10 (ii) of [JMlOj (note pa denotes the same martingale of fia), 

\\Prna{g)\\iymo'^ = s^v\\Et / %T{Psg,Psg)dr\\. 

t JtaM 
2 ^ /'ta 



Therefore, by Proposition 14.6 



A2g 



2 



BMO=(r) 



Prna(^^5) ' = supll^t / " %.T [P'.g , P',g)dr\\ 

<sup||-£;t / 7r,.A/(ir|| = sup H^Jtvft^/ - 7ft„At/|| 

< ll^t„/||+sup||?ft„Aj|| = \\^tJ{Pg,Pg)\\+snv\\^t^MnP9,P9)\\ 

t t 

< ||^ft.pr(5,5)|| +sup||^?t.At^r(5,5)|| 

t 

= ||??t„Pr(r7,5)ll +sup||^t5ft„Pr(g,5)|| 

t 

<2\\ng,g)\\. 

For non-self adjoint we obtain the desired inequality by splitting g = ^ + i^^-^^. ■ 

Corollary 4.9. Let Tt he a standard semigroup satisfying F^ > and admitting an a.u. con- 
tinuous Markov dilation (see definition at the beginning of the next section). We have 

P^fflkpCAT) < cpmax{||F(5(,5()||ij,(Ar), ||r(fi'*,fl'*)llLp(Ar)}, 

for 2 < p < CO. 

Proof. By the same argument used in the proof of Theorem 14.81 we have 

\\PTna{^^9)\\L,^o{Ma) ^ cmax{||F(<7,5)||i^(^), ||F(5*,5*)||i^(^)}. 
We then obtain 

\\A^9\\l,,{N) < cpniax{||F(5f,g)||i^(_^), ||F(5r*,5*)||i^(_^)}. 
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for p > 4 by Lemma [4.7l and Proposition l5.ll The same inequality is proved in |JM10] . Theorem 
2.5.13 with constant cp for 2 < p < 4. ■ 

Remark 4.10. Let M he a commutative von Neumann algebra, for example N = Loo(lR")- Let 
A = /\ on M" and R he the classical Riesz transform, i.e. R{f) = (• • • , i9i(— A)~2 • • • ). R 
is well known that R is Lp-hounded uniformly on the dimension n for 1 < p < co (see |Ste83j . 
(Mey84J , |Pis88j ). For p = 1, a dimension free weak (1,1) estimate is due to Varopoulos (see 
[Var81]J. U is desirable to have some results for p = oo which implies the estimate in the range 
1 < p < CO by interpolation. Note, in this case, 

ll/llBMO(r) = \\R{f)\\BMO{d)- 

By Proposition \2.5[ we have the dimension free estimate 

P(/)lbMO(9)<c||/||oo. 



5. Interpolation 

We will prove an interpolation theorem for BMO spaces associated with semigroups of oper- 
ators. Our BMO spaces are then good endpoints for noncommutative Lp spaces. 

Let (Tf) be a standard semigroup on M admitting a (reversed) standard Markov dilation 
(A^t, TTt, E'i). We say the dilation has a.u. continuous path if there exist weakly dense subsets 
Bp of Lp{J\f) such that both m[f) and n(/) have a.u. continuous path for all 2 < p < oo. Here 
m{f) and n[f) are martingales given as in (j4.7p and Proposition 14. 4[ 

Proposition 5.1. Suppose a standard semigroup Tt satisfies > and admits an a.u. con- 
tinuous standard (reversed) Markov dilation {'Kt,Mt])- Then the martingale fiaif) = '^taAs{Pf) 
in Meyer's model is a.u. continuous for all f € Lp{J\f),p > 2. 

Proof. This is the second part of Lemma 2.5.3 (ii) of |JM10| . ■ 

We use the notation Lp{M),l < p < oo for the complemented subspace of Lp{N) which is 
orthogonal to 

ker{Ap) = {f edomp{A),Af = f} = {/ e Lp(AA), limTJ = /} . 

Equivalently, Lp{Af) = {/ G Lp{M),linit^ooTtf = 0} and hence we may also view L^{M) as 

a quotient space. The limit is taken with respect to the || • Wi^^^j^ynovm for 1 < p < oo and 

is with respect to the weak* topology for p = l,oo. Recall from Proposition 12.31 we know that 

II ■ Wbmo'^ij') II • WsMO^iT) ^''^6 norms on the quotient space U L^{J\f). Note Af = implies 

1 

Ttf = f and Ptf = f for ah t, we get ker(^^) = ker(^oo) = {/,limi Ptf = /}. So || • \\bmOc{V) 
and II • ||6mo=(p) are norms on U L^{M) too. The same is true for || • ||_BMO<=(r); II " ll_BMO'={f)' 
and for || • WsMO'^id)- 

5.1. Interpolation in the finite case. We assume that the underling von Neumann algebra 
M is with a finite trace r in this subsection. In this case, all the BMO-norms associated 
with semigroups are bigger than the L2(A/')-norm up to a constant. Let BMO{T), BMO{V), 
BMO{r), BMO{V),BMO{d) and bmo{T) , bmo(V) be the spaces of / € L^(A/') with finite 
corresponding BMO-norms. We consider the complex interpolation couples [X,Lp{J\f)]i with 

X any of these BMO spaces. See |BL96j for basic properties of complex interpolation method. 



Theorem 5.2. Let (Tt) be a standard semigroup of operators. We have 
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(i) Assume (Tf) admits a standard Markov dilation. Then 

Ll^{M) = [X,Ll{M)h_, 

with equivalence constant ~ pq for all p > 1, q > 1 and X being semigroup- BMO spaces 
BMO{T), BMO{V), BMO{r),BMO{d), and bmo{V). 

(ii) Assume (Tt) admits a reversed Markov dilation with a.u. continuous path. Then 

Ll^{N) = [bmo{T),Ll{N^, 

equivalence constant ~ pq for all p > l,q > 1. If, in addition, Tt satisfies > 0, we 
have 

Ll^{M) = [BMO{T),Ll[M)h. 
equivalence constant ~ pq for all p > 1, q > 1. 

Proof. For any choice of X, note that the trivial inclusion C X implies 

LO^(AA)c[X,LO(AA)]i. 

Assume a Markov dilation exists, for X = BMO{d), we consider Meyer's model in section 4. 
Note {ha{x))o = EoTTt^{x) = TToPaX for all X G L2{M) 5 X. According to Lemma HT6l (ii). we get 
that Pfo^vr^^ embeds BMO{d) into BMO{Ma). Thus Py-Tira embeds [BMO{d),Ll{N)]i into 

[BMO{Ma), Lp{Ma)\i because it embeds Lp{N) into Lp{Ma) too. Note 

[BMO{Ma),Lp{Ma)\l = Lpg{Ma) 

with equivalence constant ~ pq by Lemma 14.21 We deduce that, 

WPhr^^Ta^Wpq < Cpq\\x\\iBMO{d),L0{Af)]i 

1 

holds for all x G {BMO(d),L%{N)\x. By Lemma 2.5.11 of [JMinj . we have (note pa there 
denotes vTt-^ and Pr is the projection to L^{M)) 

\\x\\pq < 2^™^ \\PbrT^TaX\\pq < Cpq\\x\\[BMO{d),L0{J\f)]i- 

We obtain the desired result for X = BMO{d). For X = BMO{V), bmo{V), BMO{r), BMO{T), 
the interpolation result follows from the relation that A/"" C X C BMO{d) because of Theorem 
12.61 and Proposition 12.51 (ii). 

We now prove (ii). Assume the admitted Markov dilation has a.u. continuous path. By 
Proposition 14.31 we see that ttq embeds bmo(T) into bmo{A4). Now, for any x G bmo(T) C 
L2{M), we can find a net xx G L2{M) r\M converging to x in L2{M). So tto{xx) G L2{M) n M 
converging to 7ro(x) in L2{M.). By Lemma [4.11 7ro(rE) G BMO{M.) and ||vro(x)||Bjvfo(_^) < 
c||a^||bmo(x)- Therefore, ttq embeds bmo{T) into BMO{M.). By the same argument used for the 
proof of (i), we obtain the desired result. 

We now turn to 5A/0(r), Lemma l4.6l (iii) implies that Pp^r-j-^ embeds BAIO(Y^^ into bmoi^J^a^ . 
Note that Proposition 15 . 1 1 implies the a.u. continuity of na(a;) = {Et'^raX)t for all x G L2{M)r\J\f 
assuming F^ > 0. Then PrT^Ta embeds BMO{T) into BMO{Aia) by Lemma l4.ll and the ar- 
gument used for (ii). Repeat the argument used for the proof of (i), we obtain (iii). ■ 

Remark 5.3. According to |JRSj we have a Markov dilation for finite von Neumann algebras. 
Hence BMO{d) solves problem (jO.ip in this case. 

As a consequence, we obtain the boundedness of Fourier multiplier Ma discussed in Section 

3. 
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Corollary 5.4. Let {Tt) be a standard semigroup admitting a Markov dilation. Let Ma be as in 
Section 2. Then 

(5.1) l|M„/||i,(Ar) < cM\l,{M). 

with Cp in order of max{j>, ^jril- -^'^ particular, for Ma = L^'^, we have 

(5.2) WL'^fh^m < CsAfh^iM), 
with 

r 1 11 /i^'^ '''"Sin 

Cs,p ~ maxjp, -\\s\ '2 p'exp( — 1). 

p — 1 2 p 

Proof. Apply Theorem 13.31 and Theorem 15.21 to Ma and their adjoint operators, we have for 

\\Maf\\Lj,iM) < cmax{p, ^—y} 11/11 

for all 1 < p < oo. Since M^'s vanish on / with lim^ Ttf = f, they are bounded on the whole 
Lp{J\f). For Ma = L*'*, we have 

1 1 -^^*''/ 1 1 La (A^) ^ ll/IUp(Ar)) 
Wf\\BMO{d) < cr(l - is)"^||/||BA,/0(e). 
By interpolation, we have, for all 1 < p < oo, 

l|i*'/IIW)<cmax{p,-l^}r(l-is)^l^-fl||/||i^(^). 

It is well known that, e.g. see page 151 of [Tit], 

(5.3) |r(l -is)| ~ |s|^e"^. 
Therefore, we conclude, 

IIL^VIImaT) < cmax{p,-l^}|srl^-?lel^-'?l||/||i^(^). 



Remark 5.5. It is known that standard semigroups (Tt) on von Neumann algebras VN{G) 
of a discrete group always admit a Markov dilation (see |Ric08| ). Moreover, a recent result of 
Junge/Ricard /Shlyakhtenko (see |JRSj ) shows that standard semigroups (Tt) on any finite von 
Neumann algebras admits a Markov dilation and for the bounded generators At = t~^{I — Tt) 
the Markov dilations also has almost uniformly continuous path. 

Remark 5.6. The Lp-boundedness of Fourier multipliers Ma could be proved directly following 
E. Stein's Littlewood-paley g-function technique (see |Ste61j ] by the noncommutative Hp theory 
developed in |JLMX06] . with worse constants. It could be also obtained following a classical 
argument of M. Cowling (see |Cowj ) through 'transference technique' in the noncommutative 
setting, which could become available after |JRSj . However, 'transference technique' does not 
seem to work for BMO. Cowling did obtain optimal Lp-boundedness constants for the imaginary 
powers L'^ on abelian groups, although our method provides a slightly better estimate on s as 
s — 7- oo (see ^5. S\) ). But Cowling did not have optimal Lp-boundedness constants for general 
multipliers Ma 's (he had ~ max{p2 , {p — 1)~2}, see Theorem 3 of [Cowj ). 

As another application, we obtain optimal constants for the noncommutative maximal ergodic 
inequality proved by Junge and Xu (see Theorem 5.1 and Corollary 5.11 of |JX07j ). 
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Corollary 5.7. Suppose (Tt) is a standard semigroup admitting a Markov dilation, then 
(5-4) II suprt/||i^(_v) < cmax{l, j^^^j^}\\f\\Lp{Af)- 

Proof. The proof is to write Tt — j /q T^dv as an weighted average of U'"^ for each t as Cowling did 
(see jCowj ) and use the uniform estimate of Lp(A/')-boundedness of L^^. From the elementary 
identity 

1 r+co nl 

- / - is){l + is)-^ds = e-^- / e-"^dn, 

Jo Jo 

we deduce by functional calculus that 



(5.5) 

vr 



1 r+oo pi 1 pt 

- / {tLy'T{l-is){l + is)-^ds = e-^^ - / e-^^^du = - - / T^dv. 
^ Jo Jo t Jo 

Theorem 4.1 and Theorem 4.5 of |JX07j imply that 

1 /■* 1 
(5-6) ll^^Pt T^fMipiAf) <cmax{p,j—j:^}\\f\\L^(^j^y 

On the other hand, for any a G Lq{N+, -^i(0, oo)), | + | = 1, we have 



/■oo r+oc 

\t a{t) {tLy'{f)T{l-is){l + is)-^dsdt\ 
Jo Jo 

n+oo roo 



a{t)f'dtV'{f)T{l - is){l + isy^ds\ 

r+co 

(5.7) < sup II / a{t)f'dt\\L^^_^) ||L-(/)||i^(^)|r(l-is)(l + i5)-V' 



Jo 

oo 







s. 



A combination of (|5.2|) . (|5.3|) . (|5.5p . and (|5.7|) implies that 

(5.8) |t / ait){Tt-- / r„(it')dt| < cmax{p, -}|| / 

Jo t Jo P - 1 Jo 

Without loss of generality, assume / > 0. We deduce by duality (see Proposition 2.1 (iii) of 
[JXOT] ! that, 



«(*)dt||L,(Ar)||/||Lj,(Ar). 



< 



suprj/||i^(_v) 

;>oo 

sup r / a{t)Ttfdt, 

aeL,(A^+,Li(0,oo)),||a|j<l Jo 

sup r / a{t){Ttf-]; [ Ti,fdv + ]; [ %fdv)dt, 

Oi(0,oo)),||a||<l JO ^ Jo t Jo 

r / a{t){Ttf-]; I T^fdv)dt+\\ sup]; [ Ti,fdvdt\\L^(^j^y 

a\\<l JO ^ JO t I Jo 



a6L,(A/'+,Li(0,oo)),||a||<l 



< sup 

aGLq(A/'+,-Li(0,oo)),| 



By (j5.6p and (|5.8p we obtain, 

II supTt/||i^(_v) < cmax{p2, _J_}||/||^^^_^^. 



Note 



supTJ||i^(_V) < WfWh^iN)- 
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Apply the interpolation result of Theorem 3.1 of |JX07] . we obtain 



suprj||i^(_^) < cmax{l,-^— 



for all 1 < p < oo. 



5.2. Interpolation in the semifinite case. 

We will extend Theorem 15.21 to the case that the underling von Neumann algebras M is 
semifinite. In this case, BMO is no longer a subspace of L2. To study the interpolation result, 
we first have to obtain a larger space that the interpolation couple BMO, Lp belongs to. 

5.2.1. Lp-Hilbert module. We will need the following definition and lemma of Lp-Hilbert module 
due to Junge/Sherman (see |JS05| ). For p = 00 these spaces are well-known through the GNS 
construction for a completely positive map (see Paschke |Pau02j and Lance, |Lan95j . Corollary 
6.3). 

Definition 5.8. Let A4 be a semifinite von Neumann algebra. Let E be an A4 right module with 

an Lp{Ai)-valued inner product (•,•). A (right) Hilbert Lp{Ai) (1 < p < 00) module, denoted 

1 

by L'L{E), is the completion of E with respect to the norm || • || = ||(-, . A (right) Hilbert 

^ L^{M) 

Loo(A^) module, denoted by L^{E) is the completion of E with respect to the strong operator 
topology, briefly STOP topology. The STOP topology is induced by the family of seminorms 
Iklk = '^(C(a;,a;))]2. 

Here is an easy proposition which we will use frequently. 

Proposition 5.9. Suppose {L^{E) , {■ , ■)) is a Hilbert Loo{A4) -module. Suppose a net xx & M 
converges to x £ Loo{E) in the STOP topology. Then {xx,xx) weak* converges in A4. We 
denote the limit by {x,x). 

Given a Hilbert space H, denote by B{H) the space of all bounded operators on H. Choose 
a norm one element e £ H, let Pg be the rank one projection onto Spanje}. For < p < 00, let 

LP{M,H,) = Lp{B{H) ® M)){1 ® Pe). 

Namely, LP{A4,H^) is the column subspace of LP{B{H) ® Ai)) consisting of all elements with 
the form x{l ® Pe) for x G LJ'{B{H) (g) M)). The definition of L'P{M,H'^) does not depend on 
the choice of e. L'p{M,H^) can be identified as the predual of L''{J^,Hc) with q = for 
1 < p < 00. The reader can find more information on LP{Ai, He) in Chapter 2 of | JLMX06] . 

Lemma 5.10. Lp{E) is isomorphic to a complemented subspace of LP{A4, He) for some Hilbert 
space H . Moreover, the isomorphism does not depends on p and 

(5.9) {L;{E))* = Ll{E) , 

for all 1 < p < 00, i + i = 1. Here the anti-linear duality bracket (w, z) = tr{{w, z)) is used. 

5.2.2. Interpolation for BMO{d),BMO{T),BMO{r),BMO{t) andbmo{V). We use Meyer's 
model to prove an interpolation result for the BMO space corresponding to the || • ||femo(g)-norm. 
For X G we recall the definition 

lkllf)mo':(9) = supll / Pt|Ps(x)|^S(is||2 ~ sup II / Ps+f|Ps'(2;)pmin(t,s)(is||2 . 
t Jo t Jo 

Define the L°^(M+) 05 AA- valued inner product on J\f ®J\f hy 

{x®a,y®b)a = a*{ P,+i(P^(x*)P^(y)) min(t, s)ds)b. 
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Let V be the Hilbert L°°-module corresponding to this inner product. Let BMC(d) be the 
strong operator closure of in V via the embedding 

<^ : x — ;> X (g) 1. 

Let BMO^{d) be the strong operator closure oi in V via the embedding x — t- (g) 1. 

We define the column and row space of BMO{T), BAIO{V), BMO{T) and bmo(V) similarly 
by using Hilbert Loo-modules corresponding to respective BMO-norms given in Section 2. 

To understand the intersection of BMO^ and BMO^' , we need the following observation. 

Lemma 5.11. Let x £ X with X £ {BMO^d), BMO%T), BMO%V), BMO%t),bmo%V)} . 
Then P^x exists in N and 

(5.10) \\Hx\\oo < Ct~'^\\x\\x . 

Proof. Fix t > 0. Let xx G J\f^ C BMO'^{d) be a net such that ^{xx) = xx 1 converges in 
V with respect to the STOP topology. We will show that P[xx weakly converges in M and the 
limit (denoted by Pfx) has norm smaller than ct~^\\x\\BMO''{d)- This is what we mean by P/x 
exists in M. 

We first deduce from Proposition 11.21 that, for t > 0, 



xx\ < I l^rr^M ^d.s = / \P2t^sPsXx\ sds 



2 ' 2t ' ~ Jo 2t 

ft 



ft ft 2t — s 

< / P2t^s{\PsXx\^)sds < / -—Pt^,{\P;^Xx\^)sds 

Jo Jo t + s 

/■oo 

(5.11) < 2 / Pt+,{\P'^xx\^)mm{s,t)ds 



(5.12) =2($(xa),^'(xa))9. 

By Proposition 15.91 we know that P[xx converges with respect to the strong operator topology 
of M and the limit exists in M with a norm bounded by f ||x||^jv/oc(g), since ^{xx) converges in 
the STOP topology. Note the || • H^Ty/oc^g^-norm is smaller than any of the other X-norms by 
Lemma 12.51 (ii) and Theorem 12. 6i We obtain ()5.10p for all X. ■ 

We say that x G BMO'^id) belongs to BMO''{d) if P/x = P/y for some y G BlVW^d) for all 
t > 0. This y is unique in BMO^{d). In fact, assume there are two weak* convergent nets yx, yx 
in BMO'^{d) such that P[x = Ply = Ply holds for the limit elements y,y G BMO'^{d) and any 
t > 0. Then Pl{yx — Vx) converges to for any t with respect to the weak* topology of M. 
Hence Pb+s\Psiy\ — yx)*\'^sds weak * converges to for any b by the dominated convergence 
theorem. This means y — y = in BMO^{d). Set BMO{d) to be the space consisting of all 
such x's equipped with the maximum norm 

lkl|BMO(9) = max{||x||5MO'=(a); WullBMO^id)} ^ 

Here y is the unique y G BMO^{d) such that P/x = P/y for all t > as we explained above. 
Define BMO{T), BMO{V), BMOiV) and bmo((P) to be the intersection of the corresponding 
row, column spaces similarly. 

Once we have these definitions, the same proof of Theorem 15.21 implies 

Theorem 5.12. Let \ < p < oo. Assume a standard semigroup Tf admits a standard Markov 
dilation. Then 

[X,L?(AA)]i = lO(AA), 

p 

with equivalence constant in order p for X = BMO{d), BMO{T), BMO{V) , BMO{t) or 
bmo(V). 
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5.2.3. Interpolation for bmo{T)- For the interpolation for bmo{T), besides an appropriate def- 
inition of the interpolation couple bmo(J~), Li, we also need to show that L^{M) is dense in 
\bmo{T), L\{J\f)]i because we only assume that the special martingales m(x)'s have a.u. contin- 

uous path and general martingales may not, while in the case of BMO{d) we have automatically 
that all Brownian martingales have continuous path. This difficulty already appeared in the fi- 
nite case (see the end of the proof of Theorem 15. 2p . We will go around it by defining an abstract 
predual of bmo{T). 

For a standard semigroup T = (Tt) on M. We consider the Lp (£oo(I^+) M)- valued inner 
products on E = ^oo(K+) (8) (A/" TV) , 

{a(S)b,c<S)d)^ = blTt{alct)dt,{a®h,c®dYT = hTtiatcl)d*, 

for a(8) 6 G ^oo(M+) ® {M ®M). Denote by (resp. Vp the Lp(Loo(M+) (g) 7V)-Hilbert module 
corresponding to E, {■, (resp. E, {■, 

Let us denote hy w : M ^ E the embedding map w{x)t = x ®1 — 1® Ttx. Then 

{w{x),w{^))t = nx]"" -\Ttx\\ 

{w{x),w{x)yr = Tt\x*\^-\Ttx*\^. 
Denote by w* (resp. w*) the adjoint of w with respect to M,t{x* ,y); E, {•, (resp. Af, 
T{xy*);E,{-,-)r)- We have 

(5.13) wl{a(E)b) = Y,^tTt{bt) -TtiTt{at)bt) ,w;{a* ^b*) = Y,Tt{K)a* - Tt{b*Tt{al)) , 

t t 

for a(^b£ ® (A/" A^). Indeed, for x £ M and z = a 6 = (at bt)t, 

T{x*w*,iz)) = T ^((x ^l-l(P)Ttx,at^ btYr) = ^ Y.^Tt{x*at)bt) - tr{Tt{x*)Tt{at)bt) 
t t 

= TY,{x*{atTt{bt) - Tt{Tt{at)bt))) . 
t 

Definition 5.13. (i) The space bmo^{T) (resp. bmo^{T)) is defined as the weak* -closure 
of in (resp. V^) via the embedding w. 
ill) hi{T) (resp. h^T)) is defined as the quotient ofVi (resp. V{ ) by the kernel ofw^ (resp. 
w* ). The Hardy space hi{T) is defined as h^T) + h[{T) C Li{M). More precisely, for 
f G LiiM), 

||/|Uc(^)=inf{||H|y^u;: («)=/}. 
In the following Lemma we report some elementary properties. 

Lemma 5.14. (i) x G hl{T) iff x* G hl{T). 

(ii) hliT) n h\{T) n L°(AA) is dense in L^iM) /or 1 < p < oo. 

(iii) hi{T) n Lp is dense in hi{T) for all I < p < oo. 

(iv) {hl{T))* = bmo%T), {hl{T)T = bmo'{T). As.sume hl{T) n hl{T) is den.se in both 
hl{T) and h\. Then {hi{T))* = bmo{T) = bmo''{T) n bmd'iT). 

(v) Assume that {Tt) admits a reversed Markov dilation Mt,'^t- Then the homomorphism 
ttq : J\f^ —7- bmo^{M) extends to a weakly continuous map on bmo'^((T) and h'i{T)rih\{l~) 
is dense in both h\((T) and h\{T). 

Proof, (i) is obvious because a ® b £ a* ® b* G and w is bounded and injective from 

to n . For the proof of (ii) , we first show that 

{aTt{b) - Tt{Tt{a)b) : t > Q,a,b a L^r\ L^} C LI{M) 



BMO SPACES ASSOCIATED WITH SEMIGROUPS OF OPERATORS 



29 



is dense in L^{J\f). Indeed, let y E Lpi{J\f) such that 

(5.14) tr{aTt{b)y) = tr{Tt{Tt{a)b)y) 

holds for all a, b as above. By approximation with support projections and the weak continuity 
of Tt, we deduce from (j5.14p and the self adjointness property of Tt that 

tr{ay) = \mitr{ae^Tt{ex)y) = \vca.tr{Tt{ae^)e\Tty) = tr{aT2ty) ■ 
X,li A, /I 

This shows T2t{y) = y and hence y E Lp'{J\fo) = (ker^)-*-" Hence L^{N) n h\ is dense in 
Ll{N). Similarly, LO(A^) n h\ is dense in L^iN). 

For (iii). Let A be the set of a (g) 6 = a{t) b{t) with a{t), b{t) E Li{J\f) D N for ah t and 
a{t) = b{t) = except finite many fs. Then w*[A)^ w*.{A) E Lp{J\f) and A is dense in Vf and is 
dense in ¥{ . We conclude that h\{T) n Lp{J\f) is dense in hl{T) and hi{T) H Lp{M) is dense in 
h\{T). So hi{T){^Lp{N) is dense in hi{T). 

For the proof of (iv) we see that the inclusion map l : ^ Li{N) is injective. By the Hahn 
Banach theorem, we deduce that i*{N) C {h\)* is weakly dense. However, by definition hi is 
a quotient of V^. Hence {h\)* is a subspace of V"^. We then deduce from (j5.13p that, when 
restricted to A/", the map i* is given by i*{x){t) = re iS) 1 — 1 ® Ttx. Thus we have 

{hlY = l{N) = bmo" . 

Taking adjoints we get {h\)* = bmo^' . Since X = hlDhi is dense in both spaces, we may then 
embed bmo^ and bmo^' in X* . We see that the inclusion map lx ■ X ^ Li{J\f) is injective and 
factors through the inclusion map i^i : — ^ Li{M). Since X C /ii is dense, we deduce that h\ 
is the weak* -closure of 

hi = I^'^^'^'"^^ c X* . 

Note that the last inclusion is injective and certainly C bmo^ D bmo^ because elements 
in J\f give rise to functionals which coincide on the intersection. For the converse inclusion 
bmo^ n bmo^ C /i* , it suffices to recall that a bounded functional extends uniquely from a dense 
subspace. 

We now prove (v). Recall that a net xx E J\f^ weakly converges in bmo^{T), if the inner 
product {w{x\),w{x\))j- = Tt\x\'^ — \Ttx\'^ weakly converges in -^q^ ^J\f. This is equivalent to the 
weak convergence of {ttqx x) , ttqx x))"^ = 7rt{Tt\x\'^ — |Tixp) in i^o <8> M., which is the meaning of 
weak* convergence of (ttoXx) in bmo'^{Ai) (see |JPj ). Therefore, 7ro{bmo'^ (T)) C bmo^{M) is a 
weak* closed subspace and ■Kl{hl{M)) = h'i{T). We obtain the density oi h\{T)r\h\{T) C hl{T) 
by the corresponding result on martingale Hardy spaces. ■ 

Lemma 5.15. Assume that a standard semigroup {Tt) has a reversed Markov dilation with a.u. 
continuous path. Then 

T,l{Hl{M))cihl{T)(ZL,{M). 

Proof. We have seen that T^l{h'i{M)) = hl{T) and t:1{HI{M)) C 7r(5(Li(7W)) = Li{M). Let 
us recall that Hl{M.) = hi{M) + /if(A^). We are going to show that iTQ{hf{M)) vanishes in 
Li{N). By density it suffices to consider ^ E hf{M) n hp{M) for some 1 < p < 2. Recall that 
there are weakly dense subsets Bg of Lg{Af) such that the martingale m{f) = {E^t{'KQf))t has a. 
u. continuous path if Tt admits a reversed Markov dilation with a.u. continuous path, (see the 
definition at the beginning of this section). Let y £ Bq. By Lemma |4.H 

lko(y)ILd = • 

This implies 

\tri7r*,ie)y)\ = \trieMy))\ < Hm ||7ro(y))|U.(,) = 0. 
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Hence tr{'iTQ{S,)-) vanishes on a weakly dense set of Lq{J\f) and is in Lp{J\f). So it is in Li{M). 
Thus ttq is on /if n and hence identically 0. Therefore we have indeed iiq{HI[JvI)) c 

KiT). ■ 



Theorem 5.16. Let 1 < p < oo and (Tt) be a standard semigroup admitting a reversed Markov 
dilation with a. u. continuous path. Then 

[hmo\T),L\{M)]. = [hnio\T),hi{T)]i = W ,hi{T)\i = L°(AA) . 

V V V 

Proof. By Lemma l5.151 we have, for 1 < p < 2 and ^ = i-^^, 

LliN) = ^l{7^,Ll{M)) C ^l{Ll{M)) C 7:l[Ll{M),H,{M)]e C [lI{N) M{T)]e ■ 

Combining this with the trivial inclusion 

[Ll{M)M{T)]e(l[Ll{M),L\{N)]e = L^iM) 

we equality in this range. Theorem 15.161 follows by duality and Wolffs' theorem (see |Mus03j for 
a similar argument). ■ 



5.2.4. Interpolation for BMO{T). Our last concern in this section are interpolation result for 
BMO{T) spaces. We first need some definitions. We define a £°°(ffi+) (^A^-valued inner product 
on (g) by 

poo 

{x (g) a, y (g) 6)r = a* / Ps^t^{PsX, Psv) min(s, h)dsh . 
Jo 

Let C be the Hilbert £°°(]R_(_) (g AA-module corresponding to this inner product. Recall that we 
denote by Pp the projection on the spatial part in Meyer's model. 

Definition 5.17. Let BMO'^{r) be the weak* -closure of in C via the embedding 

$ : X — > X (g 1. 

Let BA/WiT) be the weak* -closure of J\f^ in C via the embedding x — )• x* (g 1. 

Let x\ G be a bounded net in BMO'^iT) which weak* converges to x G BALO^iT). Recall 
that PfoX exists in BMO^(r) for any 6 > and 

/•oo 

S{t)= / Pt+sT[Ps[x)\uiin{t,s}ds. 
Jo 

exists in ^oo(IK+) <g A/" as the weak* limit of 

/•oo 

Sxit)= / Pt+,r[P,(xA)]min{t,s}ds. 
Jo 

Here and in the following, r[x] denotes r(x,x) for simplification. We need the following lemma 
to understand the intersection of BAIO^(T) and BMO'^(T). 

Lemma 5.18. Let (Tt) be a standard semigroup satisfying > 0. Then, for any x E 
BMO^iT) 

(i) P2bT{PbX, Pbx) exists in M for any b > 0, and 

||P2fer(PbX,P6x)|| < p||x|||A./o-(r). 
(a) TflPftXp — \TtPbx\'^ exists in M for any t,b > and 

\\Tt\Pbx\^ - \TtPbx\^\\ < ^\\xfBMoc(^r)- 
(Hi) PbX weak * converges to x in BMO^{T) as 6 — t- 0. 
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(iv) x = in BMO^iT) iff PbX = in hmo%T) for any b>0. 
The similar properties hold for y G BMO^'{T). 

Proof. Let us fix 6 > and a net xx G J\f^ such that ^{xx) converges with respect to the STOP 
topology in C By (i), we mean that P2b^{PhX\, PbXx) weak* converges in M and the limit is 
with a norm smaller than ^||x||^j^Qc(r)- We first deduce from > and Proposition II. 21 that 
^2 .b 

— P2bT{PhXx,PbXx)= P2br{PbXx,PbXx)sds = / P2bT{Ph-sPsXx,Pb-sPsXx)sds 

^ Jo Jo 

< / P3b-s^iPsXx,PsXx)sds 
Jo 

(5.15) < 3 / Pb+sr{PsXx,PsXx)sds. 

Jo 

By Proposition 15.91 ^{xx) converges in the STOP topology implies that the last term in in- 
equality (|5.15p weak * converges in M. Thus T{PbXx, PbXx) weak * converges in M and the limit 
exists in A/" with a norm bounded by fl||a^||^Afoc(p)- For (ii), we apply lemma [TTT] (i) and > 
and get 

Tt\PbXx\'' -\TtPbXx\'' = f Tt-sT{T,PbXx,T,PbXx)ds 

Jo 



<-f 

Jo 



TtP2bT{PbXx,PbXx)ds = tTtP2bT{PbXx,PbXx) 

3 3 3 3 3 3 



Applying (j5.15p . we have 

54t /"^ 

Tt\PbXx\^ -\TtPbXx\^ < -^Tt j^Pb+sT{PsXx,PsXx)sds. 
Thus Tt\PbXx\'^ — \TtPbXx\'^ weak * converges in M and the limit exists in J\f with a norm bounded 

by WW^WBMo-^iT) fo'^ * > 0- 

To prove (iii), we use the same idea in the proof of Lemma 13.21 For any t > 0,0 < 6 < 
min{t2, 1}. Let QbX = {I - Pb)x = ^ds. Then 

PCX) 

/ Pt+sT^[PsQb{x)]m.m{t,s}ds 
Jo 

roo rb+s gp 

= J Pt+s'aim{t,s}r[J -^xdv]ds 

(first ineq. of Lemma 13.11) < / min{i, sj-Pj+g I / T\v-—^x]dv ]ds 

Jo s \Js dv J 



(Prop. [O]) < 

f°° f dPy \ 

(change of variables) = 8 / Pt\ T[v-—^Pyx]dv]ds 

Jo V7| dv J 



CO 



2 
b+s 
2 



Ptl^J^ P,T[P,x]dvjds 

/•oo 

(Integrate on (is first) = 8 / PtPvT[Pyx]'mm{2v,b}dv 

Jo 



32 



M. JUNGE AND T. MEI 



< 

Thus, for any t>0,g£ L\{N) 



poo rv 

< 8 / PtPvT[Pyx]bdv + 8 / PtP^,r[P^x]vdv 

JVb Jo 

poo p\/h 

sVb / Pt+v^[Pvx]uim{t,v}dv + 8 / Pt+v^[Pvx]mm{t,v}dv. 
Jy/b Jo 



This means 



< 



poo 

T{g / Pt+sT^[PsQb{x)]mm{t,s}ds) 
Jo 

poo pVb 

< 8VbT{g / Pt^yT[Pyx]'nim{t,v}dv) + 8T{g / Pt+v^[Pvx]in.m{t,v}dv). 
JVb Jo 

LS 

poo 

\imT{g / Pt+sT[PsQb{xx)]inm{t, s}ds) 
^ Jo 

poo pVb 

8VblimT{g / Pt+v^[Pv'Xx\m.m{t,v}dv) + 8\im.T{g / Pt+v^[PvX\]min{t,v}dv). 
^ JVb ^ Jo 



The first term in the right hand side converges to as 6 —t- 0. We claim the second term converges 

to too. If not, there exists e > such that T{gli'mx Pt+i,r[PyXx]i^^^{t,v}dv) > e for ah 
h. We reach a contradiction with the absolute continuity of integrals by choosing x\^^ such that 
r(g'lim;^ jj^ PtJ^vV\Py{x\ — x\^\ min{t, < |. The assertion (iii) is proved. 

We now prove (iv). Let x\ E be a net weak* converges to x in BMO'^{T). Suppose 
X = in BMO^{T\ The proof of (ii) implies that w(PhX\) weakly converges to in V^. 
Here w and are the embedding and Hilbert Loo-niodule defined for the study of bmo'^il') in 
Section 5.2.3. Therefore, PbXx weakly converges to in bmo^{T) for every 6 > 0. To prove the 
reverse, recall that P^x weakly converges to in bmo^{l~) means that Tt\Pi,{xx)\'^ — |TtPft(xA)P = 
fl^ Tt^s^{TsPbXx,TsPbXx)ds weak * converges to in A/" for any b > 0. Use the same idea as 
the proof of (ii), we have tPbTt{xx) weakly converges to in BMO'^iJ^) for any 6, i > 0. Then 
P2h{xx) weakly converges to in BMO'^iT) for any 6 > since b^Pb is an average of tTt. This 
means P2bX = in BMO'^^T) for any b. By (iii), we conclude that x = in BA40'^{r). 

The same argument works for BMO^{T). ■ 

For X G BMO'=(r), y G BMO''{T), we say x = y if Pb{x - y) = in bmo^iT) n bmd'iT) for 
any 6 > 0. For x G BMO'^iJ') given, such a y is unique in BMO^iV) because of Lemma 15.181 
(iv). 

Definition 5.19. Let BMO{T) be the space of all x G BMO^iT) which belongs to BMO''{T) 
too. Define 

\\x\\bmo{t) = max{||x||Bjv,/o'=(r)i l|y||BA/0'-(r)}- 
Here y is the unique element in BMO^'{T) such that Pb{x — y) = in bmo^{T) H bmo'^{T) for 
all b>0. 

Theorem 5.20. Let (Tt) be a standard semigroup satisfying F^ > and admitting a reversed 
Markov dilation with a. u. continuous path. Then 

[BMO{T),L'^^iM)U = LliN). 

Proof. Let x G -BMO(F) nL^(AA). By Proposition EUl we know that '/rt^(x) has continuous path 
with respect to the filtration Aia,t- Note that 

T^tAx) = PrintAx)) + PbrMx)) ■ 
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However, Piyr{TTta{x)) = /q" Trr{dPB,.{x))dr is a stochastic integral against the Brownian motion 
and hence has continuous path. Taking the difference, we know that Pr{Trta{x)) has a.u. con- 
tinuous path. We can now copy the proof for bmo{T). More precisely, let hi{T) be an abstract 
predual of BMO{T). Similar to the proof of Lemma [5. 151 we have 7rQ(Pr-f^i(-A^)) C hKT) since 
T^o{hf{A4)) = {0}. Then, by the same argument used in the proof of Theorem 15. 16^ we have 

L0(AA)c[L0(AA),/ii(r)]2^, 

p 

for 1 < p < 2. By duality and Wolff's theorem, we obtain the result. ■ 

Open problems. At the end of this article we want to mention some open problems. 

(i) H^-BMO duality for semigroup of operators. Fefferman's ff^-BMO duality theory has been 
studied in the context of semigroups by many researchers. In particular, Varopoulos established 
an ff^-BMO duality theory for a "good" semigroups by a probabilistic approach. Duong/Yan 
studied this topic for operators with heat kernel bounds (see |DY05aj ) . In their proofs, the 
geometric structure of Euclidean spaces is essential. Mei (see |Mei08j ) provides a first approach 
of this problem in the context of von Neumann algebras with two additional assumptions on the 
semigroups. The authors expect a more general i/^-BMO duality in the context of semigroups. 

(ii) Comparison of different semigroup BMO-norms. There are several natural semigroup 
BMO norms as introduced in this article. A complete comparison of them is in order. In 
particular, it will be interesting to investigate the conditions on the semigroups so that we have 
the estimates, 

{^) II ■ WEMO^iV) — II ■ IIbA/0=((9) — II ■ llBA/0=(r)- 

(b) II • ||f,mo=(P) — II • \\bMO''{V) — II • WBhWit)- 

(c) II • \\bmo''{r) ~ II ■ WsMO^iT)- 

(c') SUPi \\TtX - T2tx\\ < c||x||b„oc(7-). 

(d) sup,\\TtJi\^\hds\\<c\\x\\\ 

(iii) The classical BMO functions on M is integrable with respect to j^dt. What is a 
noncommutative analogue of this property ? A more precise question is, does there exist a 
normal faithful state t on M such that t\x\ < c\\x\\bmo{T) ^ ^ 
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